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Binary Linear Systems
A binary linear system IBLS) is simply a linear

system of equations over Zz :

Mx :b s.t.NET/iYbc-Zzm
,
✗ a vector variable

Equation/Constraint l :

E Mei Xi -- be or
i
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BLS Games

MeZi
"

,
b c-Zim

1M
,b) - game fli ) : I ↳ Xi

--1

Alice sent l c- [m] , responds with f:Se→Zz
Bob sent kE[m], responds with f

'

:S,,→Zz

To win, they must satisfy :

1) §%fli ) = be } -"constraint satisfaction "2) Ejesnf
'

/j ) = by

3) i c- Sense ⇒ fli) -- f- 'Ii) "

consistency
"

As usual: There is a perfect classical strategy for

the 1M
,
b) - game if and only if Mx=b has a solution .

Also as usual , we want a quantum analog of this .



Quantum Solutions for Mx:b

Multiplicative form of Mx=b : jii
Variables ×; c- {1--1} aeZi→ -111°

'

Equation l : II. ×?" =L- 1)
be
or

¥q✗i=_ 1)
be

Relax to operator - valued variables :

A quantum solution to Mx=b consists of a Hilbert

Space Jl and operators Ai c-BIH) for i.In]

satisfying :
1) A :* _=A; & A? --I V-ic.cn]

;

2) AiAj=AjA; if I lE[m ] s.t. i,j c- Se;
3) ITA ; -_ C- 1)

beI tl €1m]
.

iese



Theorem (Cleve
,
Liu

,
Hofstra) : The 1M

,
b) - game

has a perfect quantum commuting strategy
if and only if M×=b has a quantum solution

.

of forward direction

Proof Idea :
"

standard techniques
"

show that the

CM
, b) - game has a perfect qc- strategy if+ only if
I a E- algebra 1- with a 1-racial state and

projections PLEA for A-[m] & f :{→ {1--1}

satisfying :

1) § Pf -- I V-lc-l.vn]

2) Pf --0 if II.eft :) -1-1-1/
be

3) PfP¥=0 if 7 ic.se Ask

s.t.fi/t-fYi)ic-Se-Vlc-Im3andf-Et-lf
define :

A!=¥µPf - ¥,!?! -=§fli1Pf

Claim : Ali -- Ae:*.CA?Y--1
,
A ! does not depend on l



Proofofcta.in#:A?.--(A?)* is immediate .

P.fi?f=0forft-f' ⇒ (A !T=¥µPf *¥,?f=§Pf=1

Suppose i c- Sens" .

A!A¥=§q→± , fli-M.JP?Pf?=&..PfPf?-- 1.
f
'

:S
,,→±i IT

if flilt-f.li )
⇐ flilf.li) -1-1

A!A!=1⇒ AHA!P=A! ⇒ A!=A! ☐

Now : A; :=A ! for any ls.t.ie Se .

Left to show :

1) AiAj=AjAi if 7 lE[mist. i,j€§ easy
2) IT A ;= 1- 1)bet
its,

peRemarks : Ai -- Pit- Pi f

{ PI
,
Pi} - projective measurement for

just the variable Xi

Ai - called a lbinaryl observable



We can almost go back . Given a quantum
solution A

, , . . . ,AnEBHl) , define

PF-EIII-A.tl?i--ElI-Ai1Pf--H.Tgp..f1i1
Problem : No 1- racial state

.

Quantum solution for Mermin - Peres magic square
✗ =P, 's) Y=l? ) 2- =L 'o ? )

✗
*
=☒ Y*=Y 2-

*
=Z ✗2--42--2-2=1

✗Y= -YX ✗2- = -2-✗ YZ= -ZY

2-☒I I 2- 2-☒2- I

I ✗ ✗ ☒ I ✗ ☒✗ I

2-☒ ✗ ✗ ☒ 2- Y ☒ Y I

I I -I



The Solution Group
Recall the conditions of

1) A :* _=A; & A? --I tie [n];
2) AiAj=AjA; if 7 l c- [m ] s.t. i,j c- Se;
3) IT -1 ; -_ C- 1)

beI tl €1m]
.

iese

We want to encode (most of) these as group relations .

Let Miki
"

,
b c-Zi

.
The solution group

of Mx=b
,
denoted MM

,
b)
,
is the group with

generators g. , . . . ,gn and
J satisfying the relations:

1) g? -- e Yi c-[ n] and J? e ;

2) g.Joji -5
"
-

- e i. e. g ;J=Jg ; Vii c- [ n];

3) gigj
-

- gjg; if FlE[m] S.t. i.j c- Se ;

4) Egg ;
-

- Jbl -VlE[ m] .



Theorem (Cleve
,
Lin

,
Hofstra) : Let MEZM

"

, BEZ?

Then the following are equivalent :

1) the 1M.
b) -game has a perfect qc

- strategy;
2) Mx=b has a quantum solution;
3) the solution group MM, b) has Jte .

"

proof
"

: We've
"

seen
" (1) ⇒ (2) .

(2) ⇒ (3) : A quantum solution for Mx=b

is a representation of the solution group
where Ji→ -I

.
But then J =/ e.

(3)⇒ (1) : We show (3)⇒ (2) + 1-racial state

Let F-MM ,
b) and

H=l4M={§,, ✗glop : §KgKc•} :
Here <qlh> = Sign .

Define ↳ EBIHI as ↳ 1h > =/gh> V-g.her.

Clearly Lgln -- Lgn .

Define 14>=÷r.( le> -1J> ) ( unit vector since -1#e)



↳ 147=8211-17 - le >1=-14>

Also ↳↳ 147=4,14> =L,, 147--44147=-1,147.
Thus ↳ acts as

-I on do : -- span {↳ 14> :get} .

It follows that letting Ai-lg.be?-BHf)foric- In]
gives a quantum solution for M×=b

.

Moreover
,
AALIYA 147 is 1-racial on BCH.)

since

4414414> =E[ Kel - (Jl ) / lgh > - Ight)))
=E[ Leigh> + 5) Ight>

-5) lgh> - Leight>]
= 1 if gh=e<⇒hg=e
if gh=Jc⇒hg=T

0 ow.

'

91h7)=e ⇒ ( h ) )g=e
Jhg =p

= (41419/4) . hg=J

☐



Theorem (Cleve & Mittal) : Let MEZM"
, bezm.

Then the following are equivalent :

1) the 1M,
b) -game has a perfect quantum tensor strategy,

2) Mx=b has a finite dimensional quantum solution;
3) the solution group MM, b) has a finite

dimensional representation $ sit
.
41J) -1-0161

.


